
Derivace funkce - př́ıklady

Základńı vzorce

Funkce Derivace funkce Podmı́nky

k 0 k je konstanta
x 1 x ∈ R
xn nxn−1 x ∈ R, n ∈ N
x−n −nx−n−1 x ∈ R− {0}, n ∈ N
xα αxα−1 x > 0, α ∈ R
ax ax ln a x ∈ R, a > 0
ex ex x ∈ R

loga x
1

x ln a
x > 0, a > 0, a 6= 1

lnx
1

x
x > 0

sinx cosx x ∈ R
cosx − sinx x ∈ R

tg x
1

cos2 x
x 6= (2k + 1)π

2
, k ∈ Z

cotg x − 1

sin2 x
x 6= kπ, k ∈ Z

arcsinx
1√

1− x2
x ∈ (−1, 1)

arccosx − 1√
1− x2

x ∈ (−1, 1)

arctg x
1

1 + x2
x ∈ R

arccotg x − 1

1 + x2
x ∈ R

sinhx coshx x ∈ R
coshx sinhx x ∈ R

tghx
1

cosh2 x
x ∈ R

cotghx − 1

sinh2 x
x ∈ R− {0}

Tabulka 1
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Pravidla derivováńı

Funkce Derivace funkce Podmı́nky

αu+ βv αu′ + βv′ α, β ∈ R konstanty, u, v funkce

u · v u′v + uv′

u
v

u′v − uv′
v2 v 6= 0

y = f(x), x = f−1(y) [f−1(y)]′ = 1
f ′(x)

f, f−1 navzájem inverzńı funkce

f(ϕ(x)) f ′(ϕ(x)) · ϕ′(x)

Tabulka 2

Př́ıklady

1. Vypočtěte derivaci funkce f , je-li
(a) f(x) = x;

(b) f(x) = 3x2 + 1;

(c) f(x) =
x

5
;

(d) f(x) =
1

x
;

(e) f(x) =
√
x.

Řešeńı:

(a) f ′(x) = 1 · x1−1 = x0 = 1;

(b) f ′(x) = 3 · 2x2−1 + 0 = 6x;

(c) f ′(x) =
x

5
=

1

5
· x =

1

5
· x0 =

1

5
;

(d) f ′(x) = (x−1)′ = −1 · x−1−1 = −x−2 = − 1

x2
;

(e) f ′(x) = (x
1
2 )′ =

1

2
x

1
2
−1 =

1

2
x−

1
2 =

1

2
√
x

.

2. Vypočtěte derivaci funkce f , je-li
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(a) f(x) = x5 − 4x3 + 2x− 3;

(b) f(x) = π
x

+ ln 2;

(c) f(x) = 3x
2
3 − 2x

5
2 + x−2;

(d) f(x) = x2 3
√
x2;

(e) f(x) = x+1
x−1

;

(f) f(x) = 2x+ 3
x2 − 5x+ 5

;

(g) f(z) = 1 +
√
z

1−
√
z

;

(h) f(x) = a
3√
x2
− b

x 3√x , a, b konst.;

(i) f(x) = 5 sinx+ 3 cosx;

(j) f(x) = tg x− cotg x;

(k) f(t) = 2t sin t− (t2 − 2) cos t;

(l) f(x) = x arcsinx;

(m) f(x) = sinx+cosx
sinx−cosx

;

(n) f(x) = arccosx
arcsinx

;

(o) f(x) = x7 · ex;
(p) f(x) = e−x arctg x;

(q) f(x) = x3 lnx− x3

3 ;

(r) f(x) = 1
x + 2 lnx− lnx

x
;

(s) f(x) = lnx log x− ln a loga x;

(t) f(t) = 5t tg t;

(u) f(u) = (u2 − 2u− 1) coshu;

(v) f(v) = 3 tgh v − v2 cotgh v;

(w) f(x) = x2

sinhx
;

(x) f(x) = 3 cotghx
lnx

;

Výsledek:

(a) 5x4 − 12x2 + 2;

(b) − π
x2 , x 6= 0;

(c) 2x−
1
3 − 5x

3
2 − 2x−3, x 6= 0;

(d) 8
3
x

5
3 ;

(e) − 2
(x−1)2

, x 6= 1;

(f) −2x2−6x+25
(x2−5x+5)2

, x 6= 5±
√

5
2

;

(g) 1√
z(1−

√
z)2
, z > 0, z 6= 1;

(h) 4b
3x2 3√x −

2a

3x
3√
x2
, x 6= 0;

(i) 5 cosx− 3 sinx;

(j) 4
sin2 2x

, x 6= k π
2
;

(k) t2 sin t;

(l) arcsin x+ x√
1−x2 ,

x ∈ (−1, 1);

(m) −2
(sinx−cosx)2

, x 6= π
4

+ kπ;

(n) − π
2
√

1−x2 arcsin2 x
,

x ∈ (−1, 0) ∪ (0, 1);

(o) x6ex(x+ 7);

(p) e−x
(

1
1+x2 − arctg x

)
;

(q) 3x2 lnx, x > 0;

(r) 2
x

+ lnx
x2 − 2

x2 , x > 0;

(s) 2 lnx
x ln 10 −

1
x, x > 0;

(t)
5t(ln 5 sin 2t+ 2)

2 cos2 t
, t 6= (2k + 1)π

2
,

k ∈ Z;

(u) (2u− 2) coshu+ (2u2 − 2u− 1) sinhu;

(v) 3
cosh2 v

− 2v cotgh v + v2

sinh2 v
, v 6= 0;

(w) 2x sinhx−x2 coshx
sinh2 x

, x 6= 0;

(x) −3(x lnx+sinhx coshx)

x ln2 x·sinh2 x
, x > 0;

3. Vypočtěte derivaci funkce f , je-li

(a) f(x) =
√

1− x2;

(b) f(x) = ex
2
;

(c) f(x) = sin5 x;

(d) f(x) = 2sinx2
;

(e) f(x) = ln(arcsin 5x);

Poznámka Než źıskáme dostatečnou zručnosti při výpočtu derivaćı, bývá vhodné si složené
funkce napsat jako řetězec základńıch elementárńıch funkćı.

Řešeńı:
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(a) Plat́ı y =
√
u, u = 1− x2, tedy

y′ =
1

2
√
u
· u′ = 1

2
√

1− x2
−2x =

−x√
1− x2

.

(b) Plat́ı y = eu, u = x2, tedy

y′ = eu · u′ = ex
2 · 2x = 2xex

2

.

(c) Plat́ı y = u5, u = sinx, tedy

y′ = 5u4 · u′ = 5 sin4 x · cosx.

(d) Plat́ı y = 2u, u = sin v, v = x2, tedy

y′ = 2u ln 2 · u′ = 2u ln 2 cos v · v′ = 2u ln 2 cos v(2x).

jestliže tento výsledek shrneme, dostaneme

f ′(x) = 2x · 2sinx2 · ln 2 · cosx2 = x21+sinx2

ln 2 cos x2.

(e) Analogicky y = lnu, u = arcsin v, v = 5x, tedy

y′ =
1

u
· u′ = 1

u
· 1√

1− v2
· v′ = 5

u
√

1− v2
,

neboli

f ′(x) =
5

arcsin 5x
√

1− 25x2
, x ∈ (0,

1

5
).

4. Vypočtěte derivaci funkce f , je-li

(a) f(x) = (1 + 3x− 5x2)30;

(b) f(x) =
√

1− x2;

(c) f(x) = 1− 3
√

2x
1 +

3
√

2x
;

(d) f(x) =

√
2x2 − 2x+ 1

x ;

(e) f(x) = x2
√
x2 + a2

, a 6= 0;

(f) f(x) = x3

3
√

(1 + x2)3
;

(g) f(x) = (a
2
3 − x 2

3 )
3
2 , a > 0;

(h) f(x) = cos2 x;

(i) f(x) = 3 sin2 x− sin3 x;

(j) f(x) = tg x− 1
3 tg3 x+ 1

5 tg5 x;

(k) f(x) = sin2(cos 3x);

(l) f(x) = sin
√

1 + x2;

(m) f(x) = arcsin 1
x2 ;

(n) f(x) = tghx
cosh2 x

;

(o) f(x) = arccos 2x− 1√
3

;

(p) f(x) = 1
2 arctg x2 −

1
3 arctg x3 ;

(q) f(x) = ln2 x− ln(lnx);

(r) f(x) = esin
2 x;

(s) f(x) = 3cotg 1
x ;

Výsledek:

(a) 30(3− 10x)(1 + 3x− 5x2)29;
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(b) −x√
1− x2

, x ∈ (−1, 1);

(c) −4
3

3
√

4x2(1 +
3
√

2x)2
, x 6= −1

2 , 0;

(d) x− 1
x2
√

2x2 − 2x+ 1
, x 6= 0;

(e)
x(x2 + 2a2)√

(x2 + a2)3
;

(f) x2√
(1 + x2)5

;

(g) −

√
a

2
3 − x 2

3

3
√
x

, x ∈ (−a, a);

(h) − sin 2x;

(i) 3
2 sin 2x(2− sinx);

(j) 1 + tg6 x, vyjádřete cos2 x pomoćı tg x, x 6= (2k + 1)π2 ;

(k) −3 sin 3x sin(2 cos 3x);

(l) x cos
√

1 + x2√
1 + x2

;

(m) −2
x
√
x4 − 1

, |x| > 1;

(n) 1− 3 tgh2 x
cosh2 x

;

(o) −
√

2√
1 + 2x− 2x2

, x ∈
(

1−
√

3
2 , 1 +

√
3

2

)
;

(p) 5
x4 + 13x2 + 36

;

(q) 2 lnx
x − 1

x lnx, x > 1;

(r) esin
2 x sin 2x;

(s) 3cotg 1
x ln 3

x2 sin2 1

x

, x 6= 0, 1
kπ , k ∈ Z− {0};
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